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THE ALGEBRAIC CASE OF A CONJECTURE
OF NAKANISHI

Ryan Hansen,Matt Leonard, and Ron Taylor

Abstract. In this paper we provide a proof of the algebraic case
of a conjecture of Nakanishi concerning a proposedunknotting operation.
Speci�cally , we show, using only basic knot theory techniques, that any
algebraic knot or link can be unknotted by a sequenceof so-called (2,2)-
moves.

1. In tro duction. The essenceof knot theory lies in the search for
properties that can be usedto distinguish knots and links. Theseproperties
measurethe inherent structure of a knot without regard to how the knot is
embeddedin space.Also of interest is the study of actions that can unknot
a given knot. That is, operations on a knot which, instead of preserving
the structure, transform it into a trivial knot or link. The simplest of these
actions is the crossingchange,shown in Figure 1.

Figure 1. The crossingchange.

We leave it asan exerciseto the reader to show that by changing some
crossingsin a knot projection we can transform it into a projection of the
trivial knot. It sohappensthat someknots may be unknotted by changing
only onecrossing,while others require two or morecrossingchanges.Hence,
the crossingchangegivesus not only a method for unknotting knots, but
also a property that can distinguish betweenknots. By counting the min-
imum number of crossingchangesneededto unknot a particular knot we
�nd the unknotting num ber of the knot, which givesus a basic (though
not necessarilyeasyto calculate) measureof the complexity of a knot. In
addition to the crossing change there are several other known operations
that will unknot a given knot. For a partial list seereference[4].

2. Nak anishi's Conjecture. In reference[4], Nakanishi posed the
question of whether the moves shown in Figure 2, so-called (2; 2)-moves,
combined with Reidemeistermoves,could transform any knot or link into
a trivial link.
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Figure 2. (2; 2)-moves.

We can think of this move ascutting out a pieceof a knot with either 2
positive or negative crossingsand reattaching it after a 90� rotation. Note
that we call a crossingpositive if the overstrand has a positive slope and
negative if the overstrand has a negative slope.

In generalNakanishi's conjecture is false, as proved by Przyt ycki and
Dabkowski in [5]. However, it is true that every algebraic knot or link can
be unknotted by a sequenceof (2; 2)- and Reidemeistermoves. Proving this
proposition is the main goal of this paper.

2.1 Notation and Preliminaries. Hereafterwewill refer to the piece
of a knot on which we perform the (2; 2)-move asa bigon . Adams de�nes a
tangle in a knot or link as \ a region in the projection plane surrounded by
a circle such that the knot or link crossesthe circle exactly four times." [1]
We use the phrase in teger tangle to denote a section of half twists that
is equivalent to a single integer in the Conway notation of a knot. For an
integer m, an m-tangle is an integer tangle with jmj crossings,all of which
are positive or negative. Throughout, the default con�guration of a single
integer tangle will be a horizontal row of crossingsas shown in Figure 3.
Hence,an integer tangle is a tangle, but not all tangles are integer tangles.

Figure 3. A 7-tangle and a (� 5)-tangle.

Finally, since Reidemeister moves are the standard moves on a knot
that do not alter the structure of the knot, we will always allow for the pos-
sibilit y of a sequenceof Reidemeistermovesbetween(2; 2)-moveswhether
or not we explicitly state so. Hence, we generally omit mention of these
moves in the remainder of the paper unlesswe are speaking of a speci�c
move.

2.2 Equiv alence. We say two knots or links are (2; 2)-equiv alen t
if one can be transformed into the other by a sequenceof (2; 2)-movesand
Reidemeistermoves. Notice that this gives rise to an equivalencerelation
on knots and links. We state this formally in the following proposition and
leave the proof as an exercise.



V OLUME 21, NUMBER 2, 2009 129

Proposition 2.1. Nakanishi's (2; 2)-movede�nes an equivalencerelation
on knots and links.

Given this proposition, Nakanishi's conjecture can be restated as:
\Do esevery link belongto some(2; 2)-equivalenceclasscontaining a trivial
link of somenumber of components?" This result has beenestablishedin
[2], but we present a di�eren t approach to the proof that relies only on
basic combinatorial knot theory techniques.

3. The (2; 2)-Mo ve on an In teger Tangle. By �xing the endpoints
of an integer tangle with standard labeling (NW, NE, SW and SE), we
can de�ne the (2; 2)-equivalenceclassesof integer tangles analogousto the
(2; 2)-equivalenceclassesfor links in Proposition 2.1. We �x the endpoints
in placeto trap the crossingsparticular tangle sothat the endscannot twist
and undo any of the crossings.Once we have theseequivalenceclasses,we
will de�ne the term algebraic and consider the action of a (2; 2)-move on
an algebraic knot or link. We note here that the (2; 2)-equivalenceclassof
an integer tangle may contain non-integer tangles. However, our primary
interest is in which integer tangles are (2; 2)-equivalent so this will not
pose a problem. The following proposition will allow us to de�ne these
equivalenceclasses.

Proposition 3.1. Any integer tangle with �v eor morecrossingsis (2; 2)-
equivalent to an integer tangle with �v e fewer crossings.

Proof. Let M be an integer tangle with �v e or more crossingsand
�xed endpoints. Perform a (2; 2)-moveon the leftmost bigon. The resulting
tangle is no longeran integer tangle, but it canbedeformedby Reidemeister
movesinto a new tangle with one fewer crossing. A subsequent (2; 2)-move
on the new leftmost bigon will produce a new tangle which will admit a
pair of Type I I Reidemeister moves. These moves reduce the number of
crossingsby 4 and result in an integer tangle with �v e fewer crossings.
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Figure 4. Transformation of an m-tangle into an (m � 5)-tangle.

Of course, once we can subtract �v e crossingswe can do it as many
times as necessary, as long as there are at least 5 crossings.It follows that
every integer tangle is (2; 2)-equivalent to a k-tangle with jkj � 4. But we
can actually do better. For example, if we have a 3-tangle, then we can
apply the method from the proof of Proposition 3.1, to get an integer tangle
with 2 negative crossings.To seethis, imagine applying the method of the
previousproof, but beforethe �rst (2; 2)-move,do two Type I I Reidemeister
movesto create�v e positive crossingswith two adjacent negative crossings.
Then the procedure will remove the �v e positive crossingsand leave us
with the two negative crossingsthat the Reidemeister moves intro duced.
Similarly, we can apply the samemethod to transform a (� 4)-tangle into
a 1-tangle. It follows that we can reduce the number of crossingsin an
integer tangle to 2 or less. We state this formally as a corollary.

Corollary 3.1. Every m-tangle is (2; 2)-equivalent to a k-tangle for
somek 2 f� 2; � 1; 0; 1; 2g.

Thus we may partition the set of integer tangles into �v e equivalence
classesunder the (2; 2)-equivalencerelation. We choosethe following tan-
glesas our representativ esand call them reduced in teger tangles .

� 2-tangle � 1-tangle 0-tangle 1-tangle 2-tangle
Figure 5. Reducedinteger tangles.
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4. Tangle Addition and Multiplication Under (2; 2)-mo ves A
rational tangle is a tangle that is made up of integer tangles that have
beencombined by somesequenceof additions and multiplications. In this
section we give an overview of these operations and seewhat happens to
thesenew tangles under (2; 2)-equivalence.

4.1 Tangle Addition. The addition of two tangles is de�ned by
taking the two tangles side by side and connecting the NE endpoint of the
left tangle to the NW endpoint of the right tangle and the SE endpoint of
the left tangle to the SW endpoint of the right tangle. Here we focus only
on the addition of integer tangles, but as a consequenceof later results,
we can extend our actions to any rational tangle. Figure 6 shows the
addition of two integer tangles. Notice that if we add a k-tangle to a j -
tangle, then we have a (possibly non-integer) horizontal tangle with jkj + jj j
crossings,someof which may be removedusing Type I I Reidemeistermoves
to obtain an integer tangle with jk + j j positive or negative crossingswhich
is subsequently (2; 2)-equivalent to one of our reduced integer tangles by
Corollary 3.1. Thus, the sum of two integer tangles is (2; 2)-equivalent to
one of the �v e reducedinteger tangles in Figure 5. One nice feature of this
is that the set of integer tanglesunder addition and (2; 2)-equivalenceforms
a group which is isomorphic to integer addition mod 5.

Figure 6. The sum of two tangles.

4.2 Tangle Multiplication. The product of two tanglesis de�ned by
re
ecting the left tangle acrossa NW{SE mirror and then adding it to the
right tangle, as shown in Figure 7. Sincewe must re
ect the tangle before
we add, we note that the �v e reducedinteger tangles will not su�ce when
discussingtangle multiplication. In addition to these, we need to include
the re
ection of the zero tangle, called the in�nit y tangle, shown in Figure
8. Re
ection of any of the other four tanglesproducesanother oneof these
tangles, after a possible(2; 2)-move.

Figure 7. The product of two tangles.
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Figure 8. The in�nit y tangle.

By noting that a � m-tangle is just the mirror image of an m-tangle
and observing that as we reduce a tangle its mirror image is reduced by
the opposite (2; 2)-move, we reducethe number of casesto check e�ectiv ely
by half. Now, we know that all integer tangles are (2; 2)-equivalent to an
integer tangle of 2 or fewer crossings. Moreover, in tangle multiplication
we are only concernedwith casesin which two reduced integer tangles, or
the in�nit y tangle, are multiplied and result in a tangle with more than two
crossings.Two of thesetangle products and their respective reductions are
shown in Figure 9.

2 � 1 2 � 2

Figure 9. Two casesfor integer tangle multiplication.

We note that these two examples, along with their mirror images,
represent the entiret y of tangle products of two reducedinteger tangles, or
the in�nit y tangle, for (2; 2)-equivalencethat havecrossingnumbersgreater
than two. (Notice that 2 � � 2 is isotopic to � 2 � � 1.) This meansthat the
product of any two integer tangles or the in�nit y tangle can be reducedto
a tangle of two or fewer crossingswith the possibleinclusion of sometrivial
components. Inductiv ely, we seethat any �nite number of tangles can be
multiplied together and reducedto a tangle with two or fewer crossingsand
possibly one or more uncrossedloops.

5. Algebraic Knots and Links Under the (2; 2)-Mo ve. An alge-
braic tangle is a tangle that results from from sequenceof multiplications
and additions of rational tangles, and an algebraic link is de�ned as the
closureof an algebraic tangle. This closurecomesfrom connecting the NW
endpoint of a rational tangle to its NE endpoint and its SW endpoint to its
SE endpoint to form a closedloop, or a set of closedloops. We now have
all the machinery in place to proceedto our main theorem.

Theorem 5.1. Every algebraic link is (2; 2)-equivalent to a trivial link.

Proof. Since the (2; 2)-move reducesany sum or product of integer
tangles to an integer tangle of two or fewer crossings,we can systematically
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simplify any algebraic link so that we have two or fewer crossings.Hence,
any algebraic link is (2; 2)-equivalent to a link of two or fewer crossings.
Since all knots of fewer than three crossingsare trivial we are left with
only links of two or fewer crossingsto check. The only nontrivial link that
satis�es this condition, up to the inclusion of extra trivial components, is
the Hopf link. The reduction of this link is shown in Figure 10. Therefore,
every algebraic knot or link is (2; 2)-equivalent to a trivial knot or link.

Figure 10. Reduction of the Hopf Link.

6. Coun ting Comp onents. One�nal questionregardingthe number
of components remains. It is an easy exerciseto show that the �gure-
eight knot is (2; 2)-equivalent to a trivial two component link, and we have
seenthat the Hopf link is (2; 2)-equivalent to the trivial knot. Thus, it is
possible that a knot can be transformed into a trivial link and a link can
be transformed into the trivial knot by (2; 2)-moves. Hence,the last piece
of the puzzle is to �gure out how the (2; 2)-move a�ects the number of
components. We can solve this puzzle using colorabilit y. Figure 11 shows
that the (2; 2)-move preserves5-colorability.

Figure 11. The (2; 2)-move preserves5-colorability.

Therefore, since the unknot is not 5-colorable and trivial links are 5-
colorable, we can seethat the 5-colorable, algebraic knots and links are
unknotted into a trivial link and the non-5-colorable,algebraic knots and
links are unknotted into the trivial knot. So now the question becomes

If a 5-colorable knot or link is transformed into a trivial

link by a sequence of (2; 2)-moves,how many components

would the link have?

The answer lies in a matrix associated with coloring. Note that since the
(2; 2)-move preserves5-colorability, it also preservesthe mod 5 rank of the
knot. [3] Hence,the number of free variables in the solution to the system
of equationscorrespondsto the number of extra loopswe are able to pull o�
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as we perform our sequenceof (2; 2)-moves. Counting the �nal uncrossed
loop givesus the number of components of the trivial link. We state this
formally as a theorem whoseproof follows from the previous discussion.

Theorem 6.1. If K is a 5-colorablealgebraic knot with rank n, then it
is (2; 2)-equivalent to a trivial link with n + 1 components.

7. Conclusion. We have shown that the family of (2; 2)-movesis an
unknotting operation on the classof algebraicknots and links. Moreover, we
know that non-5-colorablealgebraicknots and links are unknotted into the
trivial knot and that 5-colorable algebraic knots and links are unknotted
into a trivial link whose number of components depends on the mod 5
rank of the knot or link. One question that remains is whether we can
show that Nakanishi's conjecture is falseusing elementary methods, rather
than relying on the advancedalgebraicmethods employed by Przyt ycki and
Dabkowski.
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