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1. Let P 6 (0;0) be a point on the parabolay = x2. The normal line to the parabola
at P will intersect the parabola at another point, say Q. Find the coordinates of P sothat
the averageof the y-coordinates of P and Q is a minimum.
Solution.

Let P = (p;p?) and Q = (g;¢?). The slope of the tangert line to the parabola at P is
2p, so the slope of the normal line to the parabola at P is 1=2p. Thus, the equation of
the normal line to the parabola at P is

1
2 _ = .
y p°= 2|O(>< p):

SinceQ = (g; ¢?) lies on the normal line,
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Solving for g, we obtain
qa= p Z_p:

Now the averageof the y-coordinates of P and Q is

A =

Pr_pP+(p 1=2p?_ 5, 1
2 2 2

Di eren tiating this quantity with respect to p, we obtain
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Setting this quantity equalto O, we arrive at
p=2 34

Therefore, the coordinates of P so that the averageof the y-coordinates of P and Q is a
minimum are (2 374;2 372,

From Mathematical Gems Il by RossHonsberger, Dolciani Mathematical Exposition,
1976, pp. 90{97.

2. A tetrahedron is called isos®lesif the members of eadh pair of opposite edgesare
equal. This means,for tetrahedron AB CD, that AB = CD, BC = AD, and AC = BD.

(a) Provethat all four facesof an isoscelegetrahedron are congruert.

(b) Provethat if all four facesof a tetrahedron have the same perimeter, then the tetra-
hedron is isosceles.

(c) Provethat a tetrahedron is isoscelesf and only if the sum of the face anglesat eath
vertex is 180 .

Solution.
(a) Side-Side-Side
(b) Denote opposite edgesby a, a° b, b, and ¢, . Then from equal perimeters,

a+b+c=a+ b+ = a’+ b+ = a%+ K+ ¢

Eliminate a from the rst two equationsand a° from the last two. Solve each resulting
equation for b P, giving c ®= ¢ ¢, which meansc = ¢®. Similarly, a = a°and
b= . Thus the tetrahedron is isosceles.



(c) Imagine cutting AB CD along the three edgesthat meetat D and attening the tetra-
hedron out. This givesa hexagonAD ;BD,CD3.

Assumethe sum of the face anglesat ead vertex is 180 . Then in the hexagonthe

anglesat A, B, and C are ead straight angles, making the hexagonreally a triangle

D1D,D3 with A, B, and C asthe midpoints of the sides. Thus, AB = CD, = CDj3,

etc. and the tetrahedron is isosceles.

Assume the tetrahedron is isosceles. Then the facesare congruert, and so the face
anglesat a vertex are the sameasthe anglesin a facetriangle, which sumto 180 .

3. Let fx,g be the following sequenceanvolving alternating squareroots of 5 and 13:

q —qi T 0
X1 = pé; Xo= 5+ 13 x3= 5+ 13+ 5 x4= 5+ 13+ 5+ 13
and soon. Provethat lim,1 X, exists and determine its value.

Solution.

We seethat x1;X» < 4; assumealsothat xox 1;X2¢k < 4. Then,

q p—— q p——
Xok+2 = 5B+ 13+ Xk < 5+ 13+4< 4

The argumert is identical for xox+1 . Hence,for eath n, x, < 4 by mathematical induction

on n. In addition, the sequenceincreasesmonotonically. Therefore, by a standard limit
theorem on sequences

lim x
pit 0



must exist.
Let
L= Ilim X:
n'l

Then we have

9 —p—
L= 5+ 13+L

or
L4 10L%2 L+ 12=0

Oneroot is L = 3. Of the three remaining roots, oneis positive (betweenl1 and 2) and the

other two are complex. It follows that

lim x, = 3
n'l

Convergenceis fairly rapid; xg is already 2:999971.

From From Erdds to Kiev by Ross Honsherger, Dolciani Mathematical Exposition,
1995, pp. 177{179.

4. Doesthe set X = f1;2;:::;300Q cortain a subsetA of 2000integersin which no
member of A is twice another member of A?

Solution.

Sincetwice any integer in the interval P = [1501; 3000]is too big to belongto X, we
could put these 1500integersin A without worrying about doubling up on any of them.
On the other hand, A certainly can't get more than 1500integersfrom P sinceit only has
1500 altogether. Obviously, we have to be careful not to pick any integer in the interval
Q = [751;1500] which is one-half an integer that is chosenfrom P. Clearly, eat integer
taken from Q negatesthe eligibility of its double in P, and it follows that, if k integersare
taken from Q, then not more than 1500 k can be selectedfrom P, for a total of not more
than 1500altogether from the ertire interval Q[ P = [751;3000]. Thus, in order to build
up to 2000integersin A, at least 500 must comefrom [1; 750], the initial quarter of X .

Q P
! !
1 750 751 1500 1501 3000
= t !
l——rr————|
< 1500

< 1500

=> 2 500 from [1,750]

Repeated applications of this reasoninggive the following results. In order to build up to
2000integersin A, at least 125must comefrom [1; 187]; at least 31 must comefrom [1; 46];
at least 8 from [1; 11]; and at least 2 from [1; 2].
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(i

(i)

(iif)

(iv)

187 188 375 376 750
; 4 +— i
| |
’ < 375
=375
=—> = 125 from [1,187]
1 4% 47 93 94 187
E i t— l
| =94 |
=94
— > 31 from [1,46]
1 1 12 23 4 46
1 1 | 11 J
I | | 1|l |I
’ =23 ’
<23
- = 8 from[1,11]
1 2 3 4 5 6 11
—t—t—t—+—— |
| | 26 ’|
=6

= = 2 from [1,2],

which shows the undertaking is hopeless,



However, the proposalis not outrageous,for clearly A can be built up to
1500+ 375+ 94+ 23+ 6+ 1= 1999 integers.

This suggeststhat two-thirds the number of integersin X is a sharp cut-o point for
the sizeof A, that is, that jAj can be any number up to two-thirds the size of X, but not
actually as big as %ij. Applying our analysisto X = f1;2;:::;3009, howewer, reveals
that A can have as many as 200 members:

A= fil_;{jz;;_4; iLO; 11&:: ;1?; FS; 3?'{32:: ;7?; iLSJ; 15%7: i ;30}(13:

+150=200 :

But, this set is as fully padcked as possible, suggestingthat the general result is rather
Al SiX.
From the above procedure, we can obtain the recursive formula

N N
JANN)j = > + A 7

wherej j denotesthe number of elemerts in asetand A(N) isasubsetof X = f1;2;:::;Ng
with the no doubling property and having the largest number of elemeris.

Bruce Resnik (University of lllinois at Urbana-Champaign) has recertly found the
following pretty formula for the maximum sizef,(n) of a subsetof f1;2;:::;ng in which
no elemert is r times another. Converting n to its represeration in baser,

N=amam 1 do;

then

xn
rn+  ( D*a
k=0

fr(n) = r+ 1

5. Two right circular cylinders of radius r intersectat right anglesto form a solid. This
solid has four curved faces. Imagine one of thesefaces\rolled out at". Find equations of
the boundary curvesof this attened faceand also nd its area.

Solution.



Let the x-axis be the axis of onecylinder and the y-axis be the axis of the other cylinder
sothat the certer of the,sold is the origin. Cross-sectionsperpendicular to the z-axis are
squareswith sides = 2 r2 z2. Place the attened face with its axis of symmetry on
the horizontal axis, call it the w-axis, with the left end of the gure at the origin. This
makesthe range onyv the interval 0w r, and the distance from the w{axis to the top
boundary curveis  r2 z2. To relate z and w, note that if is the angle through which
the solid hasrolled, then cos = z=r and w = r , yielding

p— W
rz z2= rsm?:

The boundary curves,then are
f(w)= rsinvr—v and g(w) = rsing:

The areais given by a simple integral:

Z r

W
area= 2r sin ?dw = 4r?:
0

This solid and its circumscribed cube have the sameproperties that Archimedesadmired
concerning the sphereand its circumscribed cylinder, namely, both the volumes and the
surfaceareasare in the ratio 2: 3.



2002 Missouri MAA Collegiate Mathematics Comp etition

Session ||

1. Sewn golf balls, labeled 1 through 7, are correctly placedin corresponding boxes
(one to a box), also labeled 1 through 7. The balls are now removed and then randomly
returned to the boxes, one ball to a box. What is the probability that no ball will nd its
correct box?

Solution.

Let W, denote the number of ways that n golf balls can be returned to n boxeswith
no ball nding its correct home. Supposebox 1 contains ball N (N 6 1). There are then
two cases.

CASE 1. Box N cortains ball 1. Hence,the remainingn 2 balls are to be distributed
amongn 2 boxes,with no ball nding its correct home. There are W, , ways for this.

CASE 2. Box N doesn't contain ball 1. Then n 1 balls areto be similarly distributed
amongn 1 boxes;there are W, ; ways here.

Since the choice of box 1 was arbitrary amongthe n 1 balls 2, 3, :::, n, the total

number of ways is
Wh=(n 1)(Wn 2+ Wy 1):

We have, clearly, W; = 0 and W, = 1. The recursion formula then gives, successiely,
W3 = 2, Wy = 9, Ws = 44, Wg = 265, and nally W7 = 1854. But the number of
permutations of 7 balls in 7 boxesis 7! = 5040, so the desired probability is

_W; _ 1854 _ 103

= 1= 2= 2= 0367
7= 27 = 5040 280 0070
2.
(a) Provethat, for any positive integer n,
: n . n . n .
sinn = sin cod ?! sin® cod % + sin® cod °
1 3 5
and
_ n .2 2 n . 4
cosn = cos' ) sin cog' + 4 sin® cog'



(b) Provethat, for all x in the interval [ 1;1] and any positive integer n, the function
Ta(x) = cogncos 1x)
is a polynomial in x of degreen and leading coe cien t 2" 1.

Solution.

For part (a), from DeMoivre's Theorem
(cos +isin )" = cosn +isinn ;

we expand the left side using the binomial theorem and equate real ang imaginary parts.
For part (b), usepart (a) with = cos 'x, cos = x,andsin = 1 x2to get

n n
cogncos *x) = x" , @ x2)x" 2+ s @ x2)2xn 4

It is clear that T,(x) is a polynomial of degreen, and that the leading coe cien t is

n n n
1+ + + +
2 4 2k
where
: if n is even
2k = .
1; if nis odd:
Now, since
n n
"= (1+1)" =1+ + + +
( ) 1 5
and
n n
=1 1"=1 + +( 1)"
0=(1 1) Lt (1

we can add and get the leading coe cien t above equalto 2" 1.
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From Mathematical Gems|l by RossHonsberger, Dolciani Mathematical Exposition,
1976, pp. 18{20.

3. Supposethree equal circles, eat of radius r, passthrough a common point O and
have three other pairwise intersectionsat P1, P», and P3. Prove that the circle containing
P1, P2, and P3 also hasradius r.

Solution.

Label the three circles 1, 2, 3, with certers C;, C,, Cs, respectively. Denote the point
of intersection commononly to circlesi andj asPy, i;j; k= 1,2;3,i 6 j 6 k. The circle
through points C,, C,, C3 hascerter O and radius r sincethe distance from O to ead C;
isr.

C10C;,P3, C;0C3P,, and C,OC3P; are rhombi whoseall four sidesare equal to r.
Thus, C1P3; and OC; are equal and parallel, asare OC, and C3P;. This implies C;P3 and
C3P; areequaland parallel, sothat C;P3P;C3 is a parallelogram, and thus, C;C3 and P1P3
are equal and parallel. Similarly, C;C, and P;P,, aswell as C,C3 and P,P3, are equal and
parallel.

Therefore, 4 C;C,C3 and 4 P;P,P3 are congruert which implies the circumcircles of
ead are equal, and ead circle hasradius r.

4. ABCDE is a regular pentagon of side s, and P is any point in the interior of
AB CDE. Line segmets are drawn from P perpendicular to ead of the v e sides. Denote
the sum of the lengths of these v e perpendiculars by S. Prove that S is independert of
the location of P, and nd S in terms of s.
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Solution.

Let P be an arbitrary point in the interior. Then
1
area4 PAB = > s hy;
where h; is the length of the perpendicular from P to AB. Similarly,
1
area4 PBC = > s hy;

where h; is the length of the perpendicular from P to BC. Continue this processfor
4 PCD, 4 PDE and 4 PEA. The sum of the areasof these triangles is the area of the
pentagon, that is,

1
Es(hl + hy + hz + hy + hs) = areaof pertagon:

Therefore,
S=hy+ hy+ hs+ hs+ hs

is independen of the position of P becauseP was arbitrary .
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To compute S, let P = O = certer of the perntagon. Let L be the point on side AB sothat
OL is perpendicular to side AB. Then S = 0:5L and

AL
6 AOB = 72 6 AOL = 36 ; ﬁ: tan 36 ;

AL = OLtan36: OL = AL cot36 = gcotBG :

Therefore,

S=50L =s gcot36

From the 1980All-Union Russian Olympiad.

5. Let p(n) denotethe product of the (decimal) digits of the positiveintegern. Consider
the sequencesbeginning at any arbitrary positive integer, in which succeedingterms are
obtained by adding to the previous term the product of its digits:

no=n; andfor r 0; nry1 = ny + p(ne):
Is there an initial integer n for which the sequencecortinuesto increaseinde nitely?

Solution.

The answer is no.

Note that adigit equalto zeroanywherein n, resultsin p(n;) = 0, leadingto n;+1 = n;
and to n, repeating inde nitely; otherwise, p(n;) is positive and the sequencencreases.

The list of consecutive numbers containing a 0 at the beginning of the set of integers
that contain a given number of digits is

f100,10%;::: ;109
f100Q 100%:::; 1099:

In general,for k 3, the k-digit integersbegin with 10 2 consecutive numbers cortaining
a 0 (actually there are more than this but we do not needgreater accuracy). Now if p(n;)
were to increasen, to any value in this initial segmen of k-digit numbers containing a 0,
the sequencewould never get any bigger.

12



Fora(k 1)-digit number n,, p(n,) cannot exceed9* 1. If it should ever happen that
the initial segmem of 10¢ 2 k-digit numbers cortaining a 0 were too great for p(n,) to get
over, that is, if ever 10¢ 2> 9% 1 then all sequencesith terms containing k 1 or fewer
digits could never muster the incremert necessaryto reach any k-digit integer that did not
cortain a zero{ those that managedto survive to the k-digit level would remain in one of
our 10¢ 2 consecutiwe k-digit integerscontaining a 0. Starting with

10k 2> gk 1
and taking logs, we seethat
k 2> (k 1)log9

2 log9 :
——— = 2285
1 log9

Thus, no sequencehat starts below 23-digit numbers can survive beyond our 10?* consec-
utive 23-digit integers containing a 0, and sequenceghat start at m  23-digit numbers
cannot get past the rst 10™ ! integerswith m + 1 digits.
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