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0. Abstract. We will consider the set {k | (k,s(k)) = 1} and its complement.
Here, s(k) denotes the base 10 digital sum of k£ and (m,n) denotes the greatest
common divisor of m and n. First, we will give an upper bound for the natural
density of {k | (k,s(k)) = 1}, if it exists. Next, we will show that for each m,
there exist m consecutive integers N + 1,..., N 4+ m such that, for each k € {INV +
1,...,N+m}, (k,s(k)) # 1.

1. Upper Bound for Natural Density. The natural density of certain
sets of positive integers has intrigued mathematicians for centuries. If A denotes a
set of positive integers and A(x) denotes the number of positive integers in A not
exceeding x, then the natural density of the set A is

lim M,
T—00 I
if the limit exists. For example, the set of primes has natural density of 0. In fact,

if w(z) denotes the number of prime numbers not exceeding x, then

m(x)

Bt x/logx -

Here, log x is the natural logarithm of z. A proof of this result can be found in [1].
In [2], the natural density of the squarefree numbers is shown to be 6/72.

More recently, several sets of positive integers have been defined with respect
to the digital sum function. Two of the better known examples are the sets of Niven
numbers and Smith numbers. A Niven number, named in honor of Professor Ivan
Niven, is a positive integer which is divisible by its digital sum. For example, 21 is
a Niven number since 21 is divisible by 2 + 1. Several articles including [3], [4], and
[5] have been written regarding Niven numbers. It was shown in [3] that there are
an infinite number of Niven numbers, since every integral power of 10 is a Niven
number. In [6], the natural density of the Niven numbers was shown to be 0. The

proof involved some statistics and Chebyshev’s inequality.
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A Smith number is a positive integer such that the sum of its digits is equal to
the sum of the sum of the digits of each of its prime factors (taken with multiplicity).
For example, 22 is a Smith number since 22 = 2- 11 and s(22) = s(2) + s(11). The
article which pioneered the study of Smith numbers is [7]. In [8], it was shown that
there are infinitely many Smith numbers. However, we have not found an answer to
the density question for Smith numbers. In particular, if S(z) denotes the number

of Smith numbers not exceeding x, what is

lim &,
r—oo I

if it exists? We conjecture that the natural density of the Smith numbers is 0.

In this paper, we will consider the set

A={k|(k s(k)) =1}
To attack the problem of finding an upper bound for the natural density of A, let
Py, = {k | 2|k and 2|s(k)},
P; = {k | 3|k and 3|s(k)}, and
Ps = {k | 5|k and 5|s(k)}.
Using the notation d(B) to denote the natural density of the set B, we have that
d(Py) =1/4,d(Ps) = 1/3, and d(Ps) = 1/25. Since A and P> U P3U P5 are disjoint,

we have that
d(A) <1—d(P>,UP3U Ps),

if d(A) exists. Using the inclusion-exclusion principle [9],

d(P, U P3U Ps) = d(P2) + d(Ps3) + d(Ps) — d(P> N Ps)
—d(Po N Ps) —d(PsN Ps)+d(P, N P3N Ps)

_1+1+1 1 1 1 N 1
4 3 25 4-3 4-25 3-25 4-.-3-25
13
25

Thus d(A), if it exists, is less than or equal to 12/25.



The above argument can be repeated for any set of primes. Let n be a positive
integer and let p; denote the ith prime. Now choose the collection of primes p;
2,p2 =3,p3=05,...,pn. Defining C,, and simplifying, we have that

Cn=d(Pp, U---UB,, )= Z d(Pp,)

1<i<n
- Z d(Ppiﬂij)+ Z d(PpiﬂPijPPk)
1<i<j<n 1<i<j<k<n
o (D), NN B
111 1 1 1 1 1
T1T3t T T E T I3 1 35 2,
1 - 1
+41.5),.25+”'+(_1) 4.3.95..... P2

Therefore, an upper bound for d(A), if it exists, is 1 — C,,. Furthermore, if we could

find
C = lim Cp,

n—oo

then an upper bound for d(A), if it exists, is 1 — C.

To determine C' we let

1 1 1 1
Tttt EtE

1 1 1
2252 22.72 52.72
1
Tt
and
Kottt 1
S22 32 0 52 720 ]2
1 1 1
S 922.32 922.52 32.52
1
T et
Then,
1 1 1 1 B
Tt gy tapagpagto Tk
Therefore,
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and so,

9
=K _ =
TR
Now,
Cogpi_t 1 1
—PT3 T 32 352 3.92.52
—x+1—1x—gx+l
N 3 37 3 3
2/9 1\ 1 3 1
(2K )4 =2K 4=
3(8 8)+3 A

But from [2], the density of the “squarefull” numbers is K = 1 — 6/72. Hence
C =1-9/27% and so 1 — C = 9/27%. A decimal approximation to 9/27? is
0.4559454.

2. Consecutiveness in the Complement Set. In attempting to learn more

about

A= {k] (k,s(k)) = 1},

we wondered about the length of the longest sequence of consecutive integers in A.
From past experience, we found such questions to be quite fruitful. For example in
[10], we found that the largest number of consecutive Niven numbers which exist is
20 and that there are an infinite number of groups of 20 consecutive Niven numbers.
Therefore, we approached this problem with some anticipation. However, it soon
became clear that there can be no more than 2 consecutive integers in A, since
3|k if and only if 3|s(k). Also for k > 1, the consecutive integers 10* and 10¥ + 1
demonstrate that there are an infinite number of groups of 2 consecutive integers
such that (k, s(k)) = 1.

Since the above problem turned out to be trivial, we decided to examine the
complement of A and ask about the length of the longest sequence of consecutive

integers in the complement of A.



After some creative searching, we found the following lists of 12 consecutive

integers which are in the complement of A.

k s(k) (k, s(k))
180090520 20 20
180090421 21

1800904,22 22 2
180090423 23 23
180090424 24 24
180090,25 25 25
18009026 26 2
180090427 27 27
180090428 28 1
180090429 29 29
18009030 21 3
180090431 22 11

Here, 7 > 0. In addition, the following list of 29 consecutive integers is in the

complement of A.



k

66166892131839499000000017947066278894975530189
66166892131839499000000017947066278894975530190
66166892131839499000000017947066278894975530191
66166892131839499000000017947066278894975530192
66166892131839499000000017947066278894975530193
66166892131839499000000017947066278894975530194
66166892131839499000000017947066278894975530195
66166892131839499000000017947066278894975530196
66166892131839499000000017947066278894975530197
66166892131839499000000017947066278894975530198
66166892131839499000000017947066278894975530199
66166892131839499000000017947066278894975530200
66166892131839499000000017947066278894975530201
66166892131839499000000017947066278894975530202
66166892131839499000000017947066278894975530203
66166892131839499000000017947066278894975530204
66166892131839499000000017947066278894975530205
66166892131839499000000017947066278894975530206
66166892131839499000000017947066278894975530207
66166892131839499000000017947066278894975530208
66166892131839499000000017947066278894975530209
66166892131839499000000017947066278894975530210
66166892131839499000000017947066278894975530211
66166892131839499000000017947066278894975530212
66166892131839499000000017947066278894975530213
66166892131839499000000017947066278894975530214
66166892131839499000000017947066278894975530215
66166892131839499000000017947066278894975530216
66166892131839499000000017947066278894975530217

s(k)
216
208
209
210
211
212
213
214
215
216
217
200
201
202
203
204
205
206
207
208
209
201
202
203
204
205
206
207
208

43
18
31
200

12

16
11

101
29

41
103
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Motivated by these two examples, we were led to the following lemmas and a con-
secutiveness theorem. Lemma 1 is a rather famous result from additive number
theory.

Lemma 1. Let a and b be relatively prime positive integers. Then
axr+by=n

has a solution in nonnegative integers x and y, if n is large enough.
For more information about Lemma 1 and related topics, see [11].

Lemmas 2 and 3 were stated and proved in [12]. We will include their proofs
due to the fact that their reference is not well-known.

Lemma 2. Let (b,30) = 1. Then there exist x and y, both multiples of b, such
that (s(x),s(y)) = 1.

Proof. Let expy(10) denote the order of 10 modulo b under multiplication. The
proof divides into two cases. The first case is when the last digit of b is 1, 3, or 7
and the second case is when the last digit of b is a 9. Note that b cannot end in an
even digit or a 5 since (b,30) = 1.

Case 1. Suppose the ending digits of b are 20;d where z # 0 and d =1, 3, or 7.
Here, a subscript on a number or digit denotes that number or digit concatenated
with itself as many times as specified by the subscript.

Subcase a. t = 0. Let

= (d+1)-10%P10 L p _ (d4+1) and y = b.

Both = and y are multiples of b. In addition, s(x) = s(b) +9 and s(y) = s(b). Since

(b,30) =1, (s(z),s(y)) = 1.
Subcase b. t > 0. Let

z =101t Pe(10) 4 10! and y = b.

Both z and y are multiples of b. In addition, s(z) = s(b) + 9 and s(y) = s(b) so

(s(x),s(y)) = 1.

Case 2. Suppose the ending digits of b are 29; where t > 1 and z # 9. Let

x=b-10"P10 £ pand y = (b—10) - 10%Pe00=1 4 p 4 10871



Both x and y are multiples of b. In addition, s(x) = 2s(b) and s(y) = 2s(b) — 9 so

(s(z),s(y)) = 1.
Now we are ready for Lemma 3.
Lemma 3. Let (b,3) = 1. Then

s(z)=n

has a solution which is a multiple of b, if n is large enough.

Proof. We assume, without loss of generality, that (b,10) = 1. To see this,
suppose that b = 2¢57b;, where (by,10) = 1. Also suppose that for b; we can find
an N such that if n > N, then there exists a multiple of by, 21, such that s(z;) = n.
Now let ¢ = max(e, f) and z = 109 - z;. Then since z; is a multiple of by, z is a
multiple of b. In addition, s(z) = n.

Since (b,3) =1, (b,30) = 1. Thus, by Lemma 2, there exist two multiples of b,
x and y, such that (s(z), s(y)) = 1. Next by the Lemma 1,

As(z)+ Bs(y) =n

has a solution in nonnegative integers A and B, if n is large enough. Now if we let
z = xAyp, z is a multiple of b and s(z) = n.

Finally, the theorem below turned out to be quite surprising.

Theorem. There exist arbitrarily long sequences of consecutive positive integers
k such that (k,s(k)) # 1.

Proof. Let m be a positive integer and pg, p1,...,p1om—1 be distinct primes
larger than 10™.

We begin by solving the first system of congruences

r-10m4+0 =0 (mod py)
r-10m+1=0 (mod p;)
r-10m4+2 =0 (mod po)

r-10"+(10™ — 1) =0 (mod p1gm—1).

The general solution to this first system of congruences is r = a + bk, where a and

b are positive constants and k is an integer [1]. Note that (b,3) = 1.



Next, we will solve a second system of congruences
t+s(0) =0 (mod po)
t+s(1) =0 (mod py)
t+s(2) =0 (mod po)

t+s(10™ — 1) =0 (mod p1gm_1).
The general solution to this second system of congruences is t = ¢ + dk, where ¢
and d are positive constants and k is an integer.
Now, pick a particular solution t to the second system of congruences such that
t — s(a) is large enough (according to Lemma 3 for b). That is, t — s(a) is large
enough so that
s(z) =t — s(a)

has a solution which is a multiple of b.
Finally, letting
r=a+ z-10logal+1

we have that
s(r) = s(a + z - 10llesal+1)

= s(a) + s(z) = s(a) +t — s(a) = t.
Due to the manner in which r is constructed, p; is a factor of both r - 10™ + ¢
and s(r-10"+14) for i = 0,1,...,10™ — 1. Therefore, the 10™ numbers r - 10™ + 0,
r-10m+1, ..., r-10™+ (10™ — 1) satisfy (k, s(k)) # 1 and the theorem is proved.

3. Conclusion. The set

{k | (k,s(k)) =1}

and its complement have produced some interesting results. We would very much
like to determine the natural density of this set, if it exists? In addition, it might

be fruitful to explore the set

{k | (ka Sb(k)) = 1}7

where s, (k) denotes the base b digital sum of k. Also, the set

{k | (k,5(k)) = g},

where ¢ is a positive integer may prove worthy of study.
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