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Abstract

Let ¢ > 2 be a fixed integer. The base ¢ representation of a positive integer k

can be written in the form

k= Zar(q, k)q", where a,(q,k) € {0,1,...,q—1}.
r=0

To represent and study the ‘number of base ¢ digits > d’ function we need to
introduce the bracket notation. The basic idea is to enclose a true-or-false statement
in brackets, and to say that the result is 1 if the statement is true, 0 if the statement

is false. For example,

1, if p is a prime number;

p prime] = {

0, if pis not a prime number.

Let d be a nonzero base g digit. Define the ‘number of base ¢ digits > d’ function

as
00

OJZd(Q, k) = Z[ar(% k) > d].

r=0

For an integer n > 1, let

n—1
A>alg,n) = Z axa(q, k).
k=1
First, we will show that
d
Asq(g,n) = (1 — a)nlogqn + O(n).
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Second, we define

Ssala.) = Asalan) = (1= % Jaliog,n

where log, denote the logarithm function with base ¢ and |-| denotes the greatest

integer function. We then show that if

then

1. Introduction

Let ¢ > 2 be a fixed integer. The base q representation of a positive integer k

can be written in the form

k= Zar(q, k)q", where a,.(q,k) €{0,1,...,¢—1}.
r=0

To represent and study the ‘number of base ¢ digits > d’ function we need to
introduce the bracket notation. The basic idea is to enclose a true-or-false statement
in brackets, and to say that the result is 1 if the statement is true, 0 if the statement

is false. For example,

1, if pis a prime number;

1 prime] = {

0, if pis not a prime number.

Let d be a nonzero base g digit. Define the ‘number of base ¢ digits > d’ function

as
oo

aZd(Q7 k) = Z[ar(% k) > d].

r=0
The ‘number of base ¢ digits > d’ function is a generalization of the ‘number of

large digits’ function studied in [1,2].



For an integer n > 1, let

n—1
A>alg,n) = Z axa(q, k).
k=1

2. Properties of A>4(q,n)

We begin by stating and proving some basic properties of the function

Asq(gq,n).

Lemma 1. Let ¢ > 2 be an integer, s and n be positive integers, and d be

nonzero base ¢ digit. Then

s\ _ _ C_l sq°
A>a(q,4°) = (1 q) q (1)
and Asq(q,qn) = qAsq(q,n) + (¢ — d)n. (2)

Proof. We first prove (1) by induction on s. For s =1 we have

d
Asa(q,d) =q—d= (1_5) 1

Now for the induction step we assume that s > 2 and that (1) is true for s — 1.
Then by counting the number of base ¢ digits > d in the numbers from 1 to ¢*~ !,

¢t t02-¢°", .., (¢ = 1) ¢" ! tog-¢°7', we have

Asalg,q") = D asalgr)+ ) > a>a(g;r).

1<r<gs—! t=1tgs—1<r<(t+1)g°!

Setting r = t¢*~1 4+ u, where 0 < u < ¢*~! in the second (inner) sum and using the

fact that a>4(q,7) = [t > d] + a>4(q, u), it follows that

A4l ) = ) azalg,r)+ 2_: > ([t > d] + Oézd(q’u))

1§T<q371 t=1 O§u<q3*1
q—1 q—1
= ) > t>d+) > azalq )
0<u<gs—1 t=1 t=0 0<u<gs—1

= (q—d)¢" ' +qAsalg, 7).
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Using the induction hypothesis it follows that

(22 (S IR o

Thus, (1) is true for s. By mathematical induction we have proved (1).

To prove (2) we count the number of base ¢ digits > d from 1 to gn — 1 by
counting the number of base ¢ digits > d in the leading digits from 1 to qn — 1 and
then counting the number of base ¢ digits > d in the units digits from 1 to gn — 1.

The first quantity is gA>4(¢,n) and the second quantity is (¢ — d)n. This proves
(2).

Corollary 2. Let ¢ > 2 be an integer, s be a positive integer, and a and d be

nonzero base ¢ digits. Then
S d S S
Azd(q,aQ)ZCL(l— g)sq + (a — d)[a = d]g°. (3)

Proof. We will prove this result by counting the number of base ¢ digits > d
from 1 to ag® — 1 by counting the number of base ¢ digits > d in the trailing digits
from 1 to aq® — 1 and then counting the number of base ¢ digits > d in the leading
digit from 1 to ag® — 1. By (2) and the fact that there are a copies of the trailing
digits from 1 to ¢° — 1 in 1 to aq® — 1 the first quantity is

d
a (1 — —) sq°
q
and the number of base ¢ digits > d in the leading digits from 1 to ag® — 1 is
(a — d)[a > d]q°.
The result follows.
3. Main Term and Error Term

The next result gives a main term and an error term for A>q4(q,n).
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Theorem 3. Let ¢ > 2 be an integer, d be a nonzero digit in base ¢, and n be
a positive integer. Then

d
Asata.n) = (1= Jnlog,n + O(w)

where log, denotes the logarithm function with base g.

Proof. We begin by observing that if s > 1 and a is a nonzero base ¢ digit,
then the representation of k in base ¢ contains the term aq?® if and only if k& can be
expressed in the form

k=mg"t +p,

where m > 0 and ag¢® < p < (a+ 1)¢°. Hence f(n,s,a), the number of positive
integers not exceeding n whose representation in base ¢ contains the term aq?, is

given by

f(n,s,a)= E 1
mq® Tl 4pu<n
m>0; ag®<p<(a+l)q®

= ¥ (q:l—l +0(1)) - g +O(¢).

ag®s<p<(a+1)g®

But clearly
AZd(Q?”) = Z [dZ a’]f(nasaa’)'

0<s<log, n
0<a<qg—1

Therefore, by the formula for f(n,s,a),

Assta) = Y za(% o)

Ogsglogq n
0<a<g—1

1— qlogq z+1
log,n+O(n) + (¢ — d)0<1——q)



4. Upper Bound

In [3], Foster derived some upper and lower bounds for the difference between
the ‘sum of digits’ function and its main term. We would like to do the same for
the ‘number of base ¢ digits > d’ function. Let ¢ > 2 be an integer, d a nonzero

digit in base ¢, and n a positive integer. Then, we define

Ssa(q,n) = Asq(q,n) — (1 = g)nUogq n).

Here, |-| denotes the greatest integer function. We next have the following property

of S>4. This is a corollary to Lemma 1.

Corollary 4. Let k be a nonnegative integer and n be a positive integer. Then

qkn n

Proof. The proof is by induction on k. If k = 0 the result is clear. Now assume

that £ > 1 and that (4) is true for k. Then by the definition of S>4 and (2)

d
S>alq, " 'n) = Asalq,¢"'n) — (1 - ;)qu"Uqu ¢"'n|

d
= qAs>a(q, q"n) + (¢ — d)g"n — (1 -~ a)qk“n(l + [log, qk”J)
k d\ k1 A dy k
= qA>4(q,¢"n) + 1—5 ¢ n-= 1—5 ¢ n—q 1—5 ¢'nllog, ¢"n|

d
= qAsa(q, ¢"n) — q(l — E)qkntlogq ¢"n|
= ¢S>a(q,4"n).
By the induction hypothesis,

S>a(q,¢*n)  ¢S>a(q,¢"n)  Ssa(g.q"n)  Ssa(g,n)
qk‘Hn o qk‘Hn o qkn o n

Therefore, (4) is true for k£ + 1. Thus, by mathematical induction the result is true.



Because of (4), to find bounds on

S>a(q,n)
n

we can assume without loss of generality that n #Z 0 (mod ¢). This leads to the

following definition.

Definition 5. Let n # 0 (mod ¢). Then n is of the form n = n,, where
O aoqto + a1qt0+t1 + agqt0+t1+t2 4+ 4 amqt0+t1+t2+~'+tm

for some nonnegative integer m, ty = 0, positive integers t1, to, ... ,t,, and nonzero

coefficients ag, a1, as, ... ,am € {1,2,...,q —1}. Also, define

no = ag and n; = ag + ar1q"™ + - +a;g" T

for 1 <7 <m.

Lemma 6. Let ¢ > 2 and let m > 1. Then

d
AZd((an) = AZd<Q7'nm—1) + am (1 — 5) (tl 4+t tm)qtl—’_m—’_tm
+ [am > dnm—1 + (am — d)[am > djg T Tim )

and S>q(q, nm) = S>a(q, m—1) + (am — d)[ay, > djg"* T
i ([am = dl- (1 B g)tm)”m—l (6)

Proof. By (3) we have that

A>a(g;nm) = Asa(gq, amg™ ™) + >, azd(g, )

Amqtl T Ttm <r<n,,
d
oo (1 - _) (tr 4+ t)g™ T 4 (@, — d)[an, > djgh T
q

+ [am > d]nm—l + Azd(q7nm—1)-



This is (5). Using the definition of S>,4 and (5), we have

d
Soa(q ) = Asa(gs 1) (1 - 5)% [log, 1,

d
= AZd(Qa nm—l) + am, (1 — —) (tl + 4 tm)qt1+~~~+tm
q
d
+ [am Z d]nm_l + <am - d) [a’m 2 d]qtl—’_“.—’_tm B <]‘ - _)nm Uogq nmJ
q

d
= AZd(Qa nm—l) + am, (1 — 5) (tl + 4 tm)qt1+~~~+tm

+ [am > dngm—1 + (A — d)[am > djgt T Him

d
— (1 _ _) (amqt1+...+tm + nm—1) (tm + Uogq nm_1J)
q
d
= A>a(q, "m—1) + am (1 — 5) (tr+ -+ ) g T g > N1

d d
+ (am — d)[an, > djg" T Fim — (1 — —)nm_ltlogq Non—1] — (1 — —) (amtmg" )
q

q
d d
. (1 . _)amqt1+...+tm(t1 + - tpet) — (1 — a)nm_ltm
q

d
= AZd(qanm—l) — (1 — a)nm_l Uqu nm_1J + [CLm > d]nm_1

+ (am - d)[a'm Z d]qtl—’_m—'_tm - (1 - _)nm—ltm
q

= SZd(Q;”m—l) + [am > d]nm—l

d
+ (am — D)am > dgh+Ftn — (1 - E)nm_ltm

This is (6).
Theorem 7. Let ¢ > 2,1 <d<q—1and m > 0. Then

S>alg,nm) 18

Nm q

Proof. The proof is by induction on m. If m = 0, we have n,, = ng = ag so

that
S2a(¢,m0) _ (a0 —d)lag =d] _, 4
no ao q

Y



which is the stated result.

Now choose m > 1 and assume that

S>alq, nm—1) c1_ a

Nm—1 q

By (6) and since t,, > 1, we have that

S>a(q,nm) = S>a(q, nm—1) + (am — d)[am, > djgh T Ftm

. (W - (1 - g)tm)nm_l

= S5a(¢, 1) + (amg" T —dgh T [ay, > d]

But, n,, < ¢"*TTtntl Thus,

Nm q

Therefore, by mathematical induction, the result is true.
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5. Lower Bound
The following lemma will help in finding a lower bound for

Szd(q7 nm)
N, ’

Lemma 8. Let m > 1 be an integer. Then

N 1
m—1 < . -
Nm 1+ amgt=—

Proof. See [3, p. 113].

Theorem 9. Let m >0, g >2,and 1 <d < q— 1. Also, let

G
c>maxq —,1— —p.
q q

Then

Proof. By induction on m. Let m = 0. Then

S>a(g,m0) _ (ao —d)lag > d] > 0> —c.
no ao

For the induction step, let m > 1 and assume that

Szd(cb TLm/)
TN/

> —c for all integers m’ with 0 <m' <m — 1.

By (6), the induction hypothesis, and the fact that (a,, —d)[am, > d]gtTTim >0,

we have that
Szd((L nm)

= Soalg ) + = D = A+ ([ 2 )= (1= D)t J

> —Clyp—1 + ([am > d] — (1 — g)tm)nm_l.
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Thus,

S2a(@,1m)  Mm—1 ([am > d] - (1 _ fl)tm - c) > —c

Nm Nm

provided that

c—[am >d] + (1—%)%.

To prove this last inequality we are assuming that

[am > d] < <1—g)tm—|—c
q

or

¢ > [ay >d — (1—£l)tm.

q

This is true for all 1 < a,, < q¢—1, t,, > 1, d a nonzero digit in base ¢ > 2 since
c¢>d/q. By (7),
Nm—1 < 1 :
Tom, 1+ apgtm—1

so if we can show that

1 c

<
tm—1 d
1+a'mq C—[am>d]+(1 q)tm

for all a,,, > 1 and t,,, > 1 we are done. But this last inequality is true if and only if
d
c—lam >d| + <1 — —)tm < e+ amegtm 1L
q

But this inequality is true if and only if

(1 - g)tm - [am > d]

c>
amgtm !

But this last inequality is true for all t,,, > 1, a,, > 1, and d a nonzero digit in base
q > 2 since t,, /¢! <1 and ¢ > 1— (d/q) so we are done. Therefore, the result

is true for m. Hence, by mathematical induction, the result is true.
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6. Questions

In [3], Foster’s ‘sum of base 2 digits’ function is identical to our ‘number of base
2 digits > 1’ function. Translating his result to our situation gives us the following

definition and theorem. The proof of the result follows Foster’s proof.

Definition 11. Let m be a nonnegative integer. Let

22m 1

ha(m) = 15—

Theorem 12. Let m be a nonnegative integer. Then

> 1 m—+1
N, 2 2(2mtl —1)°

For base 2 numbers with units digit 1, the largest value of

521<27nm)

Nm

occurs when n,, = 1 + 2 + 22 4+ ... 4+ 2™ and the smallest value occurs n,, =

14224924 4.4 92m=1) 4 92(m+1) for y > 1,

Are there similar results for other bases and digits? For example, what about

g =3 and d = 1. We conclude with the following definition and conjecture.

Definition 13. Let

m—+1
127 27263 i 1y i5 odd

ha(m) = { 24627 2 —90
% if m is even.
Also, let
2.3m*tl _m —3
gs(m) =

3-3m+l 3
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Conjecture 14. Let m > 0. Then

Equality on the left occurs for ng = 1, ny = 28 = 1 + 32, and for m > 2,

m—2

> (31(1+2) + 3i(1+2)+1) 433341 — %27% B

m even

Gl

n =
m m—3

PN (3“2+U-+3“2+U+2)—+33m;1—%33m;3::%%27£%i——3% m odd.

Equality on the right occurs for n,, = 3™+ — 1.

References

1. C. Cooper and R. E. Kennedy, “An Explicit Expression for Large Digit Sums in
Base b Expansions,” Journal of Institute of Mathematics & Computer Science,
11.1 (1998), 25-32.

2. C. Cooper and R. E. Kennedy, “Finding Moments of the Large Digit Function
Using Delange’s Method,” Journal of Institute of Mathematics € Computer
Science, 13.1 (2000), 35-41.

3. D. M. E. Foster, “Estimates for a Remainder Term Associated With the Sum
of Digits Function,” Glasgow Mathematics Journal, 29 (1987), 109-129.

4. R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, 2nd
ed., Addison-Wesley Publishing Company, Reading, Massachusetts, 1994.

AMS Classification Numbers: 11A63.

13



