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1. Introduction.

Define the sequences {U,, } and {V,,} for all integers n by
Un=pUp—1—qU,—2, Uy=0, Uy =1,
Vi=0Va1 —qVa2, Vo =2, V1 =p,

where p and ¢ are real numbers with ¢(p? — 4¢) # 0. These sequences were studied

originally by Lucas [4], and have subsequently been the subject of much attention.

The Binet forms of U,, and V,, are

U, = -5 and V,, = a" 4+ 3",
a—p

where

_p+/p? —4q _p—/P?—4q
a—fandﬁ_#

are the roots, assumed distinct, of 22 — px + ¢ = 0. We assume further that /g3 is
not an nth root of unity for any n.

For n greater than or equal to 1, let S(n) be the n x n matrix defined by

A =
S(n) = : .
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The element in its ¢th row and jth column is

PR

j+i—n—1
The matrix S(n) is the general term in a sequence of matrices {S(n)}2° ;, where

the first few terms are S(1) = (1),

se)= (1 ).

and
0 O q>
SB)=[0 —qg —2pqg
1 p p?

It can be proved by induction that

st = (T ).

Un Un+1
and
QQU,%_:[ q2Un—1Un q2U1%
Sn(g) = _2qUn—1Un _Q(Ug + Un—lUn—l—l) _2qUnUn+1 ’
U2 UnUpt1 Ui

with similar results for the higher order matrices in the sequence {S(n)}52 ;. When
p = —q = 1, S(2) becomes essentially the Q-Matrix for the Fibonacci numbers.
For applications of S(3) and S(4) to the derivation of certain infinite series, and for
more background information on these matrices, see [6] and [7].

Carlitz [1] considered the matrix the matrix S(n)? for the special case p = —q =
1. Among other things, he found its eigenvalues and its characteristic polynomial,
and stated that its eigenvectors were not evident.

Mahon and Horadam [5] worked with the matrix S(n) for the case ¢ = —1 and
put forward a conjecture stating its characteristic polynomial. This conjecture was
later proved by Duvall and Vaughan [3].

More recently, Cooper and Kennedy [2] considered the matrix S(n)?T and
proved a result of Jarden by generalizing the work of Carlitz [1]. If we translate

their results to our matrix S(n) they proved, among other things,
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(i) The eigenvalues of S(n) are o~ !, a"~23, a" 332, ..., af" 2, gL,
(ii) The characteristic equation of S(n) is

n

P CE O A U P}
k=0

where

1, for k=0,n

{n,k} = v for 0 < k < n.

(o) (e )

There remains the question of the eigenvectors of S(n). The purpose of this

paper is to answer that question.

2. Eigenvectors of S(n).

Let 0 < k <n —1 be a fixed integer,

n—1

fl@)=(@—a)fz =" =) va’,

r=0
and

vV = (Uo,Ul, ce ,Un_l)T.

Lemma 1. Let m > 0. Then,

Fo @) = mi a){sf) — B é <mk—j) (n B k) @=afe=fm.

J

Proof. We will use Leibniz’s formula for the mth derivative of a product, i.e.,

A () = (@)gm—ﬁ(:c)h”)(x).

dx™ o\J

Using the notation x2 to denote the falling factorial, it follows that

m

f(m)(x) - Z (T;L) ]{;M(w _ a)k—m-i-j(n 11— ]{i)l(:v . ﬁ)n_l_k_j

j=0
= a)ﬁg — By é (mk—j) (n _; ! k) @=a)a—gm.
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Lemma 2. Let 0 < m <n — 1 be a fixed integer. Then,
i k ) (n —-1- k:) o
Un_ —-m — _]- m . . am ]ﬂj
o= 3 ()

and

Proof. The first result follows by computing the coefficient of 2»~1=™ in f(x)
by multiplying (z —a)* times (z —3)"~1~*. The second result follows by computing
the product of S(n) and v.

Theorem.

S(n)v = a" 17k ghy,

Proof.

m

SOt = S (—q>m(7° )pr—mw

rT=—m

m n—1
— (—Q) ”§ m,r—m
= 1 VpT—P

= ijmf ™) (p)
_ (=)™ (a-B)™ (p — a)k(p _ B)n—l—k
m! (p—a)™(p—B)"

m!.:Zo (mk_j) <n_]1-_k)(p—a)j(p—ﬂ)m‘j
=" R ()™ f: (mk_ j) (” B 1 B k) Bigmi

j=0 J
_ k n—1—k o
=" ik gk -1 m( ) ( . )am—J j
ZO( = J 7
J_
— an_l_kﬁkvn—l—nr
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